stichting

mathematisch

centrum MC
AFDELING INFORMAT ICA IW 43/75 DECEMBER

C.L. PIPPEL & R. VAN VLIET

STOCHASTIC MODELS OF STORAGE ALLOCATION
SYSTEMS

2e boerhaavestraat 49 amsterdam

BIBLIOTHEEK MATHEATIZON ey

s B MBS TER D AN~

e v OO



Printed at the Mathematical Centre, 49, 2e Boerhaavestraot, Amsterdam.

The Mathematical Centre, founded the 11-th of February 1946, is a non-
profit institution aiming af the promotion of puwre mathematics and Lts
applications. 1t 45 sponsored by the Netherlands Government through the
Netherlands Organization for the Advancement of Pure Research (Z.0.0),
by the Municipality of Amsterdam, by the Univernsdity of Amsterdam, by
Zhe Free University at Amsterdam, and by indusitries.

AMS(MOS) subject classification scheme (1970): A55

ACM-Computing Reviews-category: 4.6,4.35,3.72,3.73



Stochastic models of storage allocation systems

by

C.L. Pippel & R. van Vliet

ABSTRACT

This paper presents a stochastic model of dynamic storage allocation
systems. As an illustration we study an avail list system with and without
garbage collection.

The mean lifetime of the system and the mean time between two subse-
quent occurrences of garbage collection are computed.

These values are only of limited practical use. The actually observed
behaviour of dynamic storage allocation systems may considerably differ
from the theoretical behaviour. This is due to the fact that the variance

of the computed quantities is large.

KEY WORDS & PHRASES: stochastic model, Markov chain, storage allocation,

avail list, garbage collection.
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1. INTRODUCTION

Stochastic techniques are widely used to study the behaviour of operat—
ing systems (c.f. [I], [2]). Another approach is simulation of important
system components. We apply both techniques on dynamic storage allocation
systems.

In chapters 2 and 3 we introduce the principles of a stochastic model.
In chapters 4 and 5 we study two particular systems in detail. Both sto-
chastic and simulation techniques are used to derive important system
quantities. From the simulation it became apparent that small changes in
the load of the system drastically altered the behaviour of it. This effect

is discussed in chapter 6.

2. A DYNAMIC STORAGE ALLOCATION MODEL

In this section we present a model (DSA) in which a number of dynamic

storage allocation systems can be described.

2.1. Definitions

A DSA-gsystem controls a pool of storage, shared by several users. It
consists of
- a storage buffer, in which data can be accommodated
- two routines, called request and return routine (referred to as P, res-—

pectively R).

The buffer is divided into a number of units. Each unit is either oc—
cupied (i.e. some users may have access to that unit to store and read
data) or available (no users may have access to that unit).

The state of a unit is changed from occupied into available by the
return algorithm. The state of a unit is changed from available into oc-
cupied by the request routine. The activation of the request routine is
termed a request. The activation of a return routine is termed a return.

We restrict ourselves by the following assumptions:

- The units are numbered from ! to a; g is the total number of units. All



units are structured identically.
- The user always requests a consecutive number of units. The request rou-
tine P has the following structure. It consists of a sequence of rou-

tines Pb

P is activated it first activates PO. If PO succeeds, it has allocated

the desired number of units to the user. Otherwise P activates P], etc.

’Pl""’E& that, when activated, either succeed or fail. When

When Pl-l fails, the system is full.
Each unit that may be allocated to a user by algorithm Pi and not by
Pi—l [if present] is said to belong to level i. In the sequel we indicate
DSA-systems meeting these limitations as leveled-systems.
‘ The user may request a certain amount of storage by activating the
request routine. This is termed a request. If the desired number of units
is available, then the desired number of units is allocated to the user,
otherwise the system is termed full. A user return units by activating the
return routine. This is termed return. When the system is full some par-
ticular state change will occur. We assume an algorithm Pz in P, which is

activated when Pl_'Afails, and will always succeed.

1

3. STOCHASTIC MODELS

Leveled systems will be described by a stochastic model. First we

briefly review the theory of Markov chains and then we present this model.

3.1, Markov chains

Consider a system which can be in one of the states of a set

S = {Ej}jeJ' The system behaves discrete in time in an indeterministic

manner. We represent the state Ei of the system at the time N by E§N).
A system is said to be Markov when E§N+l) occurs with a certain pro-
bability Pix which only depends on EiN) (all k € J).

CEPIEMON
k

= Pr(Ei

Pik

These quantities are non-negative and satisfy

&



Y p.. =1 keS
ieS 1k

We call such a system a finite Markov chain when the state space S is fi-

nite. We arrange the conditional probabilities Piy in the form of a tran-

sition matrix [i refers to a row, k to a column]:
3.1) P = (pij)l,J e S

Because the behaviour of the system is indeterministic the state of

the system at time N is a probability distribution:’

W )

keS
Where uéN) is the probability the system is in state k at time N. The
following relation holds between u(N+l) and u(N)
ugN+l) = z P u(N) (VieS)

1 keS ik 'k

This set of equations can be written in the from of a matrix equa-
tion:

u(N+1) (N)

=P u

As a consequence:

u(N+l) - PN+1. u(O)

(n)
ij
N steps. From the previous equation it is obvious that the matrix (Pg%b

Define P as the probability of moving from state Ej to the state Ei in

is PN.

N,

We study the asymtotic behaviour of u H

THEOREM 3.1. Suppose that all Pi5 > 0 and consider

(0)

there exists a unique

(™)

Then whatever the values of the elements of u

vector u = (ui) such that each u, > 0 and such that u converges to u

&



as N increases. In fact:

) _ _ N
) - il s 1 -5l
where
§ = min p,.
1]
b  equals the number of states of the system.
PROOF. (Cf. {471, theorem 4.1.) 0

THEOREM 3.2. Central limit theorem. If there exists an integer R such
that piﬁ) >0 for all i,j, Z.e. after R steps every state is accessible
from every other state, then there exists a vector u = (ui) for which
each u, >0 and

ng) - u| s (1—5R)S (all N)
where

_ . (R)
Sp = min P,
1,]

and s 18 the integral part of N . R_l. Moreover
(3.2) u=P ., u
PROOF. (Cf. [4], theorem 4.2.) 0

REWORK. Markov chains, mentioned in the previous theorem are referred to
as ergodic Markov chains. u is said to be the stationary distribution of
the Markov chain. In the sequel we restrict ourselves to finite ergodic
Markov chains.

Instead of (3.2) we may write

(3.3) M,.u=290

where

M is the stochastic matrixz of the Markov chain.

Given a Markov chain with a state space S, a transition matrix P and

&



a stationary distribution u. We derive a sub Markov chain as follows:

Let

and

We define the transition matrix Q as

. -1
(3.4) Q.= ) Y u,u  p.
AB keA ieB 1B Tl
where

THEOREM 3.3. There exists a stationary distribution for the subsystem. In

particular:

PROOF. We have to prove:

(3.5) Q.u=u
Indeed:
~-1
z Q., u, = z z 2 u., u, Pp,. . U
g A8 B giihics + B ki B
=3y Y u, p.
keA ieS ki
=2u
keA k
= 1 D

We will use this theorem to prove properties about complicated

Markov chains by studying simpler ones.



3.2. The microscopic model

3.2.1. The state space
‘ The state of a leveled system can be characterized by specifying to
which level each of the units belongs. Therefore

let B={i| 1<1ic<a}

let % be the maximum level

let L=+{k| 0<kz=<2}

let S={f :B~>L}=1

L]

B

We establish a [1-1] correspondence between S and the set of pos-
sible states of the system as follows: To a given state of the system a
function f ¢ S corresponds, such that £(i) is the level number of the ith

element of the buffer.

3.2.2, Actions

Request and return are termed actions. When an action occurs the
state of the system changes. A request may be characterized by an inte-
ger 1 < i < a indicating the number of units requested.

Return may be characterized by i and b indicating that the units
b, b+ 1 ... b+ i+ 1 are returned.

Let £ be the current state of the system, Hf(i) denotes the prob-
ability that the next action will be a request of i units. pf(i,b) de-

notes the probability that the next action will be the return of the units

b, b+ 1 ...b+1i-1. Hf(i) and Df(i,b) satisfy the following conditions:
(3.1) - (i) 2 0 Vi, f
(3.2) —pf(i,b) 20 Vi,b,f
a a a
(3.3) ) (i) + Y ) eg(ib) =1 VE
i=1 f£=1 i=1

3.2.3. The system
An action changes the state of the system. State transitions may be
represented by the following matrices:

[we assume fl,f2 e S]



- Pf £ (i) =1 if a request of i units changes the state from

172
f2 to fl'

_ 0 otherwise.
- Rf £ (i,b) = 1 if a return of i units starting at b changes the
172

state from f2 into,f

0 otherwise. 1
As mentioned before P consists of a sequence of routines {PO’PI""’P2}°
At each request the routines are activated sequentially as necessary. Thus
either PO is activated only or PO’PI are activated or PO’PI""’PU
(0. £ v £ 2). The routines PO’PI"" usually require an increasing amount
of time. Which is the highest routine activated in a given state is a ques-—

tion of great importance. Therefore we introduce additional matrices:

DEFINITION.

be(i) = 1] if a request in state £ of i units activates the

routines P ...Pv and not‘Pv+1. [This will be called

0
a recovery of type v.]

As a consequence of the algorithm P being completely deterministic:

vV (i) = 1.
0 vf

i~

v

DEFINITION. The recovery matrix Y.

Let Yv be the probability that in state f a recovery of type v occurs

£
at the next transition.

a
va = izl Hf(i)va(i)

For ergodic systems we add:

DEFINITION. Stationary distribution u

u = {ucle o

DEFINITION. Yv

Yv is the probability that at the next transition a recovery of type v



OCCurs:

We g =PiB = £ [ E = £

1f2 .
W = )y 0. (i) P (i) + p. (i,b) R (i,b)
£5 =1 & £,£, i=1 pb=1 T2 £,5

From (3.1), (3.2), (3.3) we derive:

waf=1 vE, € S

fles 172

3.3. The macroscopic model

In the previous section we described in detail the principles of our
model. It should be clear that this model is not suitable for the follow-

ing reasons:

. . a .
-~ even in small systems the number of states is very large [(2+1) 1. This
makes practical calculations cumbersome or even impossible.

- The probability functions II and p are difficult to estimate.

Moreover, we are mainly interested in the quantities Yv, since these quan-
tities indicate the practical performance of the system. As described in 3.1
we derive from the microscopic system a macroscopic system by taking sev-
eral states together. The state £ of the new system can be represented by

a sequence of % numbers:

£' = [f_,f f ]

0°7177 7" -1

f' corresponds to a set Hf of old states. Each element of this set has fO
units in level O, f1 units in level 1, etc. We have to change all other

quantities accordingly:



-mi(i) = ) m.(i)
£ fer £

a
._p%l(i) = z z pfv(i’b)
f'er b=1

Note that we omit the second parameter of p' since thé exact position of
the returned units in the buffer is no longer of any interest for our
system.

The new matrices P', R', V' must be constructed from the algorithms
P and R. This is usually done by heuristic techniques, which we will not
describe here. As mentioned before we define

- the transition matrix

a a
W'v 1 = z n.,(i) P'| (1) + 2 Pper (i) R'v v(i)
L R £155 i=1 I £15,

-~ the recovery matrix

a
' N = » T -
val izl Hf!(l) val(l)

the statiomary distribution

[ - ' T
Yv fz, Ugr va'

In the sequel we will omit the primes.

4. THE AVAIL LIST SYSTEM

4.1. Introduction

As a first example we treat an avail list system [al-system]. An al-
system has a buffer of a units numbered from 1 up to and including a. Each

unit is either free or occupied. In such a system we have only two levels.

£



10

The units in level zero are termed free. The units in level one are termed

"occupied. According to chapter (3.3) we indicate the state of the system by:
(i1 - 0<ic<a

Usually the user will not bother about the state of the buffer doing
requests and returns as he likes. Of course, when the number of occupied
units becomes small, the probability that the next action will be a return
diminishes. In general we may assume that Hf(i) and pf(i) are independent
of f] but some kind of reflection is involved at the bound of an empty buf-
fer. When the system is large the exact form of the boundary condition does
not seriously influence the behaviour of the system. As a further simplifi-

cation we assume that only one unit is requested or returned at a time.

Hence:
Hf(l) =p i=1
Hf(i) =0 otherwise
pf(i) =T i=1
pf(i) = 0 otherwise
p+r =1,

Note:

The boundary condition for a return when the buffer is empty will be
brought in by assuming that the return routine leaves the state of the buf-
fer un&hanged in this situation. This means that in state [0] there is a
probability r that at the next action "nothing" will happen. This assump-
tion violates our definition of action.

When the system is full the system changes to [i] with a probability

A
=
N
[\

a
L 8. =1 0
i=0

This completes our model of al-systems.

For future use we introduce
-1
zZ=rep .

Intuitively one would expect z = 1. For over a long period z equals:

&
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the number of returns / the number of requests.

However, the number of returns is not necessarily equal to the units
actually returned. On the one hand we allow a return when the buffer is
empty without actually returning a unit and on the other hand extra units
are returned when the buffer is full. [In the latter case information

moved to some backing storage.]

4.2. The stationary distribution

- Fig. (4.1) diagrams the state transitions involved in an al-system.

Fig. 4.1

We indicate the stationary distribution of an al-system by
a
u=tugtiog

where u, is the probability of being in state [i]. The stationary distribu-

. a . .
tion u = {u.}, is a solution of:
1" 1=0

(pFr) g =ru 4 pu +6; Py,
4.1 =
( ) (p+r) u, Trou +ru_ + Sa P u,
(ptr) U, =pu, tp Gouo
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This yields the following stochastic matrix:

\
P, -(p+r) P
P(Sl +r ~(p+r) P
T -(p+r) P.
M=
r *(§+r) P
r ~(p+r) P
r -P
(4.2) M.u=20

As the equation is homogeneous and we know that a one-dimensional

nontrivial solution exists [the system being ergodic], we may assume

T

0

Of course we have to normalize later.

u

Let

L
W, = _{_ z k=20
i=0
Wk =0 k<0
LEMMA. w1
[ - -
L T
1=0
PROOF. (by induction to k)
= Vo= =
k 0 uO 1 WO

1

Assume that we have verified this solution for Uy .

..]W

(4.3) W -

- k+l = (1+Z)Wk - Z

..,ué. Observe that



From the induction hypothesis and (4.3) we derive:

]

= _1 _ 1 ] - ]
Ueep = (PFO)p T up mmep w6y g

k—l \ _]
= (1+2) (Wk -l 8 W) (wk—-l 3
1=0
= (14+2)W, - 2w
k k-1
k-1 -1 k-2
- (2) ] S Wtz ) S W
i=0 i=0
: k—l ( "l
= Weep T L S\ -z Wk—z—i\)
1=0 Y
k
1=0

These values of ui still must be normalized.

Let

)
s = u!
i=0 *

The normalized solution of (4.1) is:

u = u. S

1 1
a k-1

_ (. \

o kZO Ve i=2=0 % Me-1-1)
i ;T

= W - 8. W .
k=0 X k=0 j=g T k7171
Fou - ¥ s T

= Wo- 5. W
k=0 & j=0 ' k=0 X
Foe (w2

b (5wt
i=0 X =0 K =0 K

k-z
)

i=0

_(Sk

...Gk

\
% Ye-2-i)
"o
"o
a
[using )
i=0

_6k

13

W
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Let .
? a—i—l
(4.4) t, = W - W
i k=0 k =0 k
Then
a
(4.5) s = iZO 8, t;
Two cases arise:
z=1 a a-1-1i
t.= L (kt]) = ] (k+D)
k=0 k=0
= 3(a+1)(a+2) ~ }(a-i)(a-i+l)
(4.6.1) = 1(i+1)(2a+2-1)
z# 1 a | _ k+l a-l-i Kk+1
g, =y -2 -y l-z
1 k=0 1 -z k=0 1 - 2
a+2 a-i+l .
- + 1
(4.6.2) =2 z +
(1_2)2 (1-2)
Finally we arrive at:
z=1 k-1 a -1
u = ((k+1) -1 s (k-i)).( Y5, (i+1)(2a+2-i). 0.5)
i=0 i=0 1
4.7)
z# 1 K+l k-1 k-iy , a a+2  a-i+l -1
(1 - 1-2z \/( z z +1)
T \T1 -2z ~ ) 8 TT== JAN ) 83 2 1-z)
i=0 i=0 1 -

where u = {u, }* _ is a solution of (4.1).

k u=0
4.3. The mean recurrence time full (Tf)

To simpify the forms of this section we assume that

§.=0 i#d
(4.8) 1 0<dc<a

Gd 1

(]

Fa



15

The quantity we are interested in is Yl, i.e. the probability that the
system will be full at the next action. Let t¢ be the mean recurrence time
of full. Te equals the average number of actions between two consecutive

times the system is full,
. = (p.u )_1
£ 0

according to (4.6), (4.7):

T (d+1)(2a+2-d) z = 1

f

' za+2 - zaH_d d + 1\z + 1
£ 2 TNz
(1-2)

d equals the number of units released when the system is full.

(4.9)

~
L]

Table (8.1.4) quotes some values of Tee
g is a function of d, z and a. In the next chapters we consider Tf

as a function of d, z and a respectively.

4.3.1. Tf(Z)
Table (8.1.4) shows that Tf(Z) heavily depends on the value of z.

The relative fluctuation in Z is:

Z—ZO

20

The relative fluctuation in Tf(ZO) is:

Tf(z) - Tf(ZO)

Tf(Zo)

Between these quantities the following relation holds approximately:

Tf(z) - Tf(zo) ) TE(ZO) , z -z
Tf(zo) Tf(zo) ° 70 zq
dt_.(z)
: - £
(%) = 3, Iz,
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Let '
a(zo) - TszO; 2,
B A
Observe that:
Tf(Z) =Z : 1 . to(z)
' - z+t1 1
Tf(Z) = = ty(2) 2 tO(Z)
T ¥
Tf(Z) ) tO(Z) ) 1
Tf(Z) tO(Z) z(z+1)
Hence . '
0 to(z) 70 (zo+l)
For zy = 1 this yields:
to(l) = 1(d+1)(2a+2-d)
ey = ((a+2)z‘f‘»le - (ard+ )22 - 2232 4 (a-g-)2F1Td (d+1)(l—z)>
0

(1-2)3

Using the theorem of 1'Hopital three times:
té(l) = ((a+2)(a+l)a - (a—d+l)(a—d)(a—d—1)> / 6

As a consequence:

(1) = (a+2)(a+l)a - (a-d+1)(a=d)(a-d-1)
o= (d+1)(2a+2-d) .

1
2

WO ot

We consider some special cases:

d=09 a(l) = i(a-1)

d=a a(l) = fa - 4

Fluctuations in z cause fluctuations in Tf(z) amplified by a factor

a(z). To clarify the implication we quote some results:
a = 100 d=20 z = 1 a(l) = 50

A fluctuation of 1% in z causes a fluctuation of 507 in Tf(z)

&
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a = 100 d = 100 z =1 a(l) = 33

A fluctuation of 1% in z causes a fluctuation of 337 in Tf(z).
[These results only indicate the order of magnitude; table (8.1.5) quotes

some values.]

4.3.2. Tf(d)

When the buffer is full, d units are made available again. Of course,
when this number increases the mean recurrence time of full will increase
and will be maximal if d = a.

To illustrate the behaviour of Tf(d) we solve the equation:
ZTf(d) = Tf(a)

Three cases arise:

z << 1 We omit all exponents of z
2(d+1) = a + 1
d = j(a-1)
z = | 2(d+1)(2a+2-d) = (a+1)(a+2)

242 - 2(2a+1)d + 2’ —a -2 = ¢

d R 1(2a+1) - 1/2(a+1})

d ®0.3a
z >> 1 We only take into account the exponents
at+l-d a+2
2z =z
Zz—(d+1) -1
~ 1n2
d Toz ~ 1

In the common case Z ~ 1 these calculations are of practical importance. It
shows that the recurrence time of full is already half of its maximum when

only thirty percent of the buffer is empty.
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5. SYSTEMS WITH GARBAGE COLLECTION

In the previous chapter we have treated the avail list system. All
units returned to the system can be recognized immediately as available.
All available units belong to one level. In many systems the units return-
ed to the system are set aside for a while. They are recollected when need
arises. The process of recollection is called garbage collection (gc). The
available units in these systems can berecognized asbelonging todifferent
levels. The units of level zero can be recognized as available immediately,
Units set aside for a while belong to higher levels. They are recollected
by some process of garbage collection. As an example we treat the follow-
ing system.

The units of the system are numbered from 1 up to and including a.

Units belong to one of the following levels:

0 free can be recognized as available immediately
1 semi-free - can be recognized as free after garbage collection
2 occupied

We requeét the state of the buffer by a pair
[s,£]

where:
f denotes the number of units in level zero

s denotes the number of units in level one
The number of occupied units equals
a - (f+s)

The request routine P behaves as follows: Pb searches for units in level
zero. If the requested number of units is not present, P] is called. Pl adds
the units of level one to level zero. If the requested number of units is
not present in level zero the system is full and P2 is called. E& adds d

units from level 2 to level zero.
0<d<a

The return algorithm adds the returned units to level one. As in the

£



19

~

previous chapter we consider p.q as the probability a request respectively

return occurs.

5.1. The stationary distribution

Fig. (5.1) diagrams the state transitions involved in the system:

Fig. (5.1)
Let {u..}. . denote the stationary distribution.
ik’i,k

Let
0<d<a

Let
Bgg =1 d =1
A, =0 otherwise
di

{uik} satisfies the following equations:

(5.1.1) ug =T ui_lk-+p U (0<iza, 0O<k<a)
(5.1.2) uooog ST Wy + (l—p)ui ami (0<gi<a)
(5.1.3) Uy =P Uge * Pt Adi PYg, (0<i<a)

(5.1.4) Uy, T (l—p)uOa + Ada PUy,
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We arrange the components of the stationary distribution as depicted in
fig. (5.2)

14
L) L]
9 13
£ d—ep» ® ®
5 8 12

L] 9 ° L d

2 4 7 n

® ° L L 4 [

0 1 3 6 10
——

Fig. (5.2)

In fact we renumber the state of the system:
[i,k] » [4(i+1)(i+k+1) + k]

The stochastic matrix M takes the following form:
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1
E:
d- x
d- x
d (xd)-
(3+d)-
(a+d)-
d (2+d)-
d d
d
d

It 0l 6 8 L 9
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The stationary distribution u is a solution of
(5.2) M.u=0.

The quantities Y of the system are:

YO(i,k) = p i>0
=0 i=0

Yl(i,k) = 0 i>0, k>0
=p i=0.0<k<a
=0 1=0, k=0

Y2(i,k) = p 1=0, k=20

=0 otherwise

We are interested ianl -~ the probability that gec occurs at the next action

= and Y2 -~ the probébility that the system will be full at the next action.

i0

5.2. Approximation of the stationary distribution

5.2.1. Stop criteria

The stationary distribution is a solution of
(5.3 M.u=0

where M is defined in (5.2). As we do not know a method to solve these
equations analytically we developed some algorithms to solve them numer-—
ically. These algorithms are iterative in nature. A problem of an iterative
process is does it converge and when must it be stopped. The following stop

criteria turned out to work satisfactorily:
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1. Let

v, = 2 u,, .
I ja=; K

v. is the probability that j units are available. Evidently vj satisfies

equation (4.1). Also

Va = u

00
This yieldé our first criterium:

at+2 a+l-d

-1 z -z d + 1
u_ = + z # 1

00 (-2)2 -z
= %(2a+2—d) (d+1) zZ = 1

2. Define a state

a
[X]1 = { U [i,O]}

i=0

The system is in state [X] when it is in one of the states [i,0]

(0<i<a). The probability of being in the state X equals

§
u = U-l L]
X 5120 10

The probability of leaving this state [i.e. the probability that gc

or full occurs] equals

The mean number of actions between two consecutive occurrences of gar-

bage collection or full tg equals

u a u,
t = (_gg . (d+1) + 10 i) p—1
g \% i=1 Y%
Clearly
u t =1
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This yields criteria 2:

a
u00(§+1) + .Z ug - =1L

i=1
3. Define a state
a
[Y] = { U [0,i]}
i=0
Let
a
u_ = Z u.,
Y i=0 01

When the system is steady the probability of leaving state x equals the

probability of entering the state Y. This implies:
luguy,) = plugmug)

This yields criteria 3:

In the next chapters we discuss the algorithms.

5.2.2. Repeated multiplication with the transition matrix

We use the fact that the stationary distribution u equals to

u = lim u(n) = 1im PN u
uy- Nooo

(0)

where u(o) is arbitrary, but normalized.

The algorithm is [cf. 8.1.1]:

step 1 store the initialization distribution u(o) into
array f.
step 2 while criterium 1 on £ does not hold

do multiply £ by Pz.

The multiplication with P is executed by the procedure trans
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5.2.3. A numerical approach

In program 8.1.2 we solve equation (5.3) by using the following itera-
tive process: From a distribution over the states [0,i] 0 £ i £ a we can
compute the distribution over all other states [i,k]. Looking at picture
(5.1) we compute the distribution column by column from left to right and
in each column from top to bottom. From an initial distribution

(

(0) . . . . 0)
{uOk }k 0 £ k £ awe first compute the complete distribution {uik }i,k'

Then we find our next iterant from the equations:

)y _ _ (N-1) =
(5.4) 1 uy, = puo’O d=a
N N-1
ny _ _ w=-1) - (N-1)
(5-5) 2 up" = pug au) Y PULe1 Y 244 PY0L0
When uiui = uiuil) these equations hold.
2 3

To eliminate exponential decrease or increase of our iterant we renor-

malize the new iterant dividing it by
Loug

After each iteration criterium 1 is applied.

In the program we use array y[0:al] to store the current iterant:

)

ylil = Uy, a-i

In the beginning of each iteration the array y is copied into c¢. Now the

columns are computed:

1 Let column i be computed. Then ¢ equals
cla=i-k] = u, 0 <k < a-i
ik
- = < <
cla-k] U0 0<k<i

To compute c we use the statements:

(5.6) c[0] := zc[1]
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(5.7) clkl = (clk-i] + z * c[k-1]) / (z+1)

(5.6) and (5.7) are derived from (5.1.2) and (5.1.1) respective-
ly. After the columns have been computed this yields:

cla~k] = ukO 0 <k < a

Using equations (5.4) and (5.5) we compute the next iteraut.
3 If criteria 1 does not hold 'the process is repeated.
Note:
The table quoting the mean recurrence time of the states [f,s] are

organized as follows:

5.3. Simulation program

Prog. (8.1.3) simulates a system with garbage collection. Each action
is either a return or a request of one unit. The state of the simulated sys—

tem is stored in the variables f and s. F, respectively s, denotes the num-
ber of units of the free, respectively semi-free, units. At the beginning

of each run they are initialized as:

At each action random is called to determine whether this action will be a
request or a return. The number of actions per simulated run is indicated

by 1t.

6. DEVIATION OF THE AVERAGE

In the previous chapters we were interested in the average behaviour of

some storage allocation systems. In this chapter we pay attention to the de-

&
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viation from the average. We restrict ourselves to the al-system.

We found already that the recurrence time of full equals

/ a+2 atri-d
z -z

L4+ 1\ z+ 1

0= T (152 T-z) z (z#1)
= (d+1)(2a+2-d) s = 1
where
a the number of units of the system
d the number of units made available when the system
is full

z=r.p r: probability of a return of one block

p: probability of a request of one block

(i1 0 < i < a represents the state of the system. In state [i] i units are
available. We add one auxiliar state [-1] to the system. The actions of the
system are numbered such that the system is full at the zeroth action. Ini-

(™)

tially the system is in state [d]. Let v be the probability that the

first time the system is full again at the Nth action (N>0). Clearly:
1 =3 i.oW®
(2) 7 oW o
i=1

As we only are interested in the first occurrence of full we discard the

behaviour of the system after this first occurrence. This is achieved by

entering the system in [-1] when the system is full. Let (u£U))?=—l be the

probability that the system is in state i after u actions.

(6.1) initially: u ") = 0 i4d
u(o)=1 1 =d

d
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The following equations determine the behaviour of the system:

W9 4 D o )

oD« ¢
(6.2) (N (N-1

o ) _ pu! )

W0 = (D (D)
Clearly ’

RONIRIN
Let

N
. Yy oot
i=1

7" can be calculated from equations 6.2 using the initial distribution 6.1.
The model given above reflects the classical one-dimensional random
walk problem with an absorbing and a reflecting state. In the limit a » «

an analytic expression for v(u) is known (cf. [4], ch. 3.7., p.132):

,(2i%d+1) (<Zifd) _ /2;+d>) ,~(2i+d+1) i=1,2,3,...
- i \ i-1

=0 otherwise

Results:

(N)

In the figures of chapter 8.2 V is plotted against N. The average

is indicated by a x.

Fig. 8.2.1 shows the curves the highest one corresponds to
a=16 d=20 z =1

The next one corresponds to
a= 32 d=0 z = 1

The third one corresponds to

a=w d =0 z =1

Fig 8.2.2 shows curves of systems with

a = 48 d = 48 z = 0.80, 0.90, 1.00
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Fig. 8.2.3 shows curves of systems with

a =48 z =1 d =0, 12, 24, 36, 48.

7. FINAL REMARKS

From the preceding chapters two conclusions must be drawn:

- The behaviour of the systems described heavily depends on the value of z,
i.e. the ratio of the probabilities of request and return. Fluctuations of
0.5 percent in z may cause changes of about fifty percent in important
system quantities as the mean recurrence time of full and garbage collec~
tion. In an actual DSA-system changes of several percent in z are not ex-
ceptional. This makes each short time prediction about the occurrences of
full and garbage collection impossible.

~ We derived the mean recurrence time of full as a function of z. In chapter
5 we showed that the mean recurrence time of full is an average of a very
large distribution. The distribution is so large that no practical sys-
tem will ever execute enough actions to guarantee that the average re-
currence time of full is in accordance with the theoretical value. To
quote data:

We simulate a small al-system with 48 units. After 60,000 actions we

found deviations of more than 25% from the theoretical value [ef.ch.8.1.3].
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8. APPENDIX

8.1. Programs
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8.1.1.
[ef. ch. 5.2.2]

25464= 15 B 2355F .0 CLP pPPEL

B 235%F . G,CL P .PPEL,R5,T150

TREG Y
1 tCOuENT
2 TH, S PROGRAM COMPUTES THE STAT!ONARY DlSTRlBl}'{ION OF A DSA=SYSTEM
3 WoTr GARBAGE COLLECTION BY REPEATED MULTIPLICATION OF THE STOCHASTIC MATRIX}
4 PANTY A, UEXIT,03
> theni® P,Q,R,Z,EPS;
& CPRNOTY "H(5,%); *STRINGY S YREALY N}
N PBEG Y
4 dtSREAD}
o HLERGPRINTTEXT(S); TABIABSY XT(4,3,N);
] yESD e
L PHEROCY CUT(S,N)IISTR NG S;YREALY N3
i~ tle Nt
NLUR; P?«u*TExT(s),TAJ,nasP XT(4,3,N);
thNE 0
T JE S
-y PN AN W) SN, 3 N2, Z) F NGO, G INCPMAX T  MAXIT) S IN(EPSY,EPS) }
v Piz{_=a)/{1+2);
T Rizia¥;
) Paol Nt
b 'REALYVARY FLGL0:4,0:4)
i1 FRGLY FLYPY
2 PouTr LK, PT,NEP, (T
3 TEZALY S,5UM FE, D F,GT,SX:
A 'EROCY TRANS;
29 VEEG N
‘o FL PiaFLip}
Y TIEY FLIP
23 YTENS
a9 'REGINY
1) 1FOR! Kin0 °*STEP' 1 'UNTIL' A=] 'DO?
Ty FIHsk12P8GI3,K+1)+P2aGIK+1,0)e0806(0,K}}
22 FlOsnliz(1=P)eG10,A);
34 FLe,0le=F1d,01+P=G0,0];
L TFORY iz 18TEpr 4 tyuuTiLY A 10O
) tHEGN?
7 TFORY Ki1=s0 'STEP' 1 YUNTIL! Awiel 'DOY
17 FlL. RJisReGlIw ,K]+P#G{1,K+1]+QeG[1,K]}
15 FligAatl]32(1=P)aG[) ,Ae i J4eRaGLimt ,A=1]}
19 vENDY
G UE‘][“.'
TELSEY
o TEi Gl
& TFUR? k:’G 'STIPY 1 rUNTL'a-1 DO
e . Gluisk)izBas[D,K+l ]+PsF{K+1,0)+0QaF{0,K]};
oz H(O,Al:=(1~F)“F[0.A),
-, lUsN] =60, DY+PeF 6,01
YRQRY =l fSTIRY 2 o rynNTILY A 1p0¢
ey tREG, N
PEFORY Rzl *STEF' 2 'UNT L' A=1=1 ‘DO
Gli,KIt=ReF {1~ ,k]+PaF{i,K+l]«QeF[1,K]}
5 Glisnum . 112(1=P)RF [ ,6=i)4RBF[ =1,A=1])}
P VENLY
“3 *EAIL Y
ER tRENL Y
55 PTizQ, o (As2)0 (P2
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250674~ 15 B 2355F .U CLPIiPPEL
S50 Six'. F' Za1 (THEN' 0,58(D+1)a(2#A=D4+2)
87 *ELSEY (Zas(A+2)-288(A+1=D))/(Z~1)®e2 =~ (D+1)/(2Z~1)3
=8 FE:=2/5%
59 tFORY 1= "STEP' 1 PUNTIL' A DO
a0 PEGRY Kiaf) PSTEPY 1 YUNT L' A=l 'DO' FLI1,K)t=i/PT}
A1 ITi203D ' Fi=l3FLIPIR"TRUE"Y]
£ * 'FOR!' NEPI=(
63 YWHILE! ABS(DIF)3ERS  1T<IAXIT 'DO!
) TBEG.NY.
I3 ST Tel
"o TRAMSITRANS
. D ¥is(F{0,0]=FE)/FE;
X KR 2O
&Y AW PaGE
ER PR NTTEXT{"RECURRENCE TIME OF [§,F]")}
" NLCR:
72 TFOR teQ 'STEPY 4 'UNTILY A DO
3 . tBEG N
™ MR
T "FORY K130 *STEP!' 1 'UNTIL! A=l ¢DO?
RES tBEGINY
v YAFY F(),K150.,0001 .
- 'THEN® ABSFIXT{(4,1,1/F[1,K})
P tELSEY PRINTTEXT(" suseasn ")}
s TENDY
ny YENL 3
Vi Sxi1=0;
M3 1FORY 320 'STEP 4 'UNTILY A DO
Ha SX:izS5XeF[1,0]);
25 5TiE0;
Hoy O GTIEF[5,0)e(0el));
N TR izl TSTEPY 1 YUNTIL®' a 'DO
fo GTI=GT+F 1,08
B9 GTIEGT/{SXaP)
Q1) HE W PaGE}
7L DUTCH I TERATIONSY , 281 7)Y
%2 SuUT("GEL ERRORM,DIF);
a3 JuUT(UFLAN RT [0,01",1/F10,0));
g QUTEYME AL RT [0,DY1",2/F 00,00
s QuF{"MEAN RT d¢v,87)}
It DQUT("PROBABILITY GLC",SX#P);
27 QUT(HEFROULECTH, GTaSX8P);
9% YR
Iy PIFY RIADD(Q *THEN?
LN YII6
Tl MEJ PAGE;
neg CGOTO! NEXTS
w3 LR

~ud rE1D Y
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250674« 15 B 2355F.0 CLPiPPEL
A l10.300
o .ot
b4 1.000
o] .0u9
MAX: T 290.06U0

.Qus
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REL ERFKOR

MEmNn RT [(,0]}
MEAn RT (0,D]
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8.1.2.
[cf. ch. 5.2.3]

2Lie 4 35 A 2355F .0 CLP PPEL
A2lnofF . 0,CL P PPEL

1aZG . b
TLOAMENT Y

2 TH.S PROGRAM COMPUTES TRE STATIONARY DISTR!BUTION OF A DSA=SYSTEM
v ¥ Th G.RBAGE COLLECT ON,USING A METHOD OF SUCCESS!VE |TERAT!IONS}
“ *HEeLY 2,P,0,R,EPS; :
) 1INTe A, T,03
o PPROCY iN(S,N); YSTRINGIS;'REAL'N;
: YeEC MY
S iz ADS
o ALCR;PRINTTEXT(S); TAB3ABSF (XT(4,3,N);
i tENL Y}
- 'RRGCY QUT{S,N);'STRINGSS]'"REAL'NS
2 ToEG NY .
3K CHLCRGPRINTTEXT(S) S TABSFIXT(4,3,N)}
o YRR
2 NexT:
‘o '4(“.«".:\):lt4("2",2)_; 1N(“Q",Q)l IN("IT", IT)’IN("EPS",EFS)’ 'N("D",D)‘
N Piz{=0)/(2+1);Rin2ap}
) LN T O YR
‘Y voMT »KySTEP;
R '*REALY §,ER,SUM,STH,SX,FX,GR,U0D,8Y,0QuU;
~z 'REALYTARRAYY C,YI[02%4);
£ TEROC? MNEW(COL,N);'VaL® J'REAL''ARRAY' COL;*INTIN;
B THEG . N?
- PINTY K3
y COL(uli=zecOLlL)s )
P tFOR' Ki=)l YSTEPt 4 'UNTILY N DO? ]
. CO.L[K)IB(COL[Kal]eZ8COLIK+1)) /(2213
3 END
s} PREALYITPROCY DIAGIN) 3 INTINS
- YAEG . MY
4 ' TREALYIPROCY DGIP);VINT!P;
4 nGizFY 2z
33 "THENY Pel
te YELSEY (Zea(P+1)=1)/(Z2=1)3
3 DiaGia(PIFIN YLET D
‘B . tTHEM?® DG(N)
kN YELSEY Z#e(N=D)8DG(D)
A )/S;
Ty tEND Y
[ Si='.Ft ZWnE]
R CTHEN' (Zae(A+2) = Zoa(A+1=D))/(2=1)a82 = (Dsl)/(2Z~1)
az tELSE' .58 (Dsl)e(20A-D42); ] , ,
3 TOMFORY 320 'STEPY 4 tUNT-LY A DO
14 Yla=. )1:=DIaG(i)/ (' »1);
43 ER:sLS
.l VFOR'Ki=1,Ke1 'WHILE!' K<ITa ABS(ER)PEPS *DO?
7 1BEG N -
.3 PaTY g}
wy STEP:i=K}
- 'PFORY 1320 STEPY 1 'UNTIL' A 'DO° Cli)smYli);
e suis0;
8 TFORY ilzAw=qi 'STEP' =1 'UNTIL' 0 *DO?
-3 *BEGN? . :
oy IINTIK; -
535 'FORY Ki=0 'STEP' 1 'UNTIL' 141 'pO' SUM:=SUM4CIK]}
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[AN]
32
)
R,
A3
do

"3
k4
G,
V2
Yvs
G
Gisy

% 0
(s SRS |

Ly

-«
~

M

Lo J o
RIS IR P L R AN SN L g

PRag:

35 A 2355F .0 CLPIPPEL

NEW(C, )}
YEND Y}
St =SUMACID]);
STHi=v[Aj#s5;
ERIB(STHLSUM) /S§TH]}
Y{3)i=s("1F' D=4 "THEN' 1 YELSE? Q)ev(al;
*FORY 13=1 'STEP' 1 FUNTIL' A 'DQ¢

vItdis(y{t=1jeCli=1]ev{A}O(1IF' DzAm1 'THEN'L

tEND
tFOR* t:=0 'STEPY 4 YUNTILY A 'DOY
vl Yi=v(i)/suM;
UdD =Y [A=D];
vqbw PAGES
PRINTTEXT(#*MEAN RECURRENCE T!ME OF [S,FI")}

NLCR; :
*HORY 133A1STEPYal YUNTILY 0 *DO°
18.GIN?Y

clidsavliy;
YIFY CL1)'NEYD
ATHER?Y ABSFIXT(4,1,1/€C11))
YELSE' PRINTTEXT(" ssusse ")
'EisD Y}
1FOR' 13:2Al'STEP'=1'UNTILI('DOY
1BEGINY
PAINTIK;
HEW(C,1)3
NLCR; NLCR;
'FOR?Y Kizl 'STEP' =1 'UNTILY 0 *DOY
TIFY CLK)ENEYD
YTHEH?! ABSFIXT(4,1,1/C[K))
YELSEY PRINTTEXT(" sessse ");
CETD G
SXizy;

*FORY 13m0 "STEPY § 'UNTIL?Y A DO’ SXIaSX+C[!]);

§Y:=73

'FOR"12=0;'S+EP‘ 1 'YUNTILY A 'DD"SY==SYOY[i]:

QU ISX~ClAY)/(SY=Y(0))}
GHI=C[A)e(D+1) 3

YELSE'0))/(2+1)}

'FOR® 1121 'STEP! 1 'UNTIL® A 'DO' GR:3GR+C[A=i]#ij

GR:SGR/(PeSX)}

HEW PAGE; !
QUT(":TERATIONSY,STEP);
UUT("REL ERROR",ER)}

QUT("REC T.ME [0,01%,1/C[A))3
QUT("REC T ME (0,D}",1/V00);
OUT("REC T:ME GCY,GR);
OUT("PROBABILITY GC",5X2P)}
QUT{"PRODUCT",GRaSXaP);

OUT("X/Y ",0U);
TEND Y ’
YIFY READ>Q 'THEN?
1REG N

NEW PAGE;
1GOTU' NEXTS
vEND Y}
tEND

37
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RE. ERROR -,005
REC T 46 {00 617,072
REL T WME [0.D) +17,072
RE:. T'Yf GC +8,533
PRIRAR | . Ty GC 4,117
PRITUCT +,999

X/~ +1.000
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220674~ 35 A 2355F.0 CLPIPPEL

Fuy
.
r
o
L4 .8
[
(%]
¢ ]
o
o

1626,6 1662,2 1655,2 1725.1 1791.3 1773,2 1790.3 1802.0 1808.0
1658,1 1690.8 1720.3 1746.2 1767.8 1784,6 1796.1 1802.0 '

-
(Y]
i
-9
e
o
n
2™
[~=]

et 8.9 1694.0 16B6,3 1715.6 1741,1 1762,4 1779.0 - 1790.4 1796.1
9 1710.9 1736.1 1757.2 1773.5 1784.7 1790.4

1077,5 1700.2 1731,2 1751.9 1768.0 1779,1 1784.7

1/61.5 1720.2 1746,8 1762.7 1773.5 1779.1

102,417 1757.4 1768,1 1773.5

1750.6 1792.1 1762,7 1768.1

1769 A727.4  1762,7

12,2



21ue’4- 35

1 TERATIONS

REL CRROR

REC TIME [(0,0)
REC T'MF {(Q,D]}
REw. T+ME GC
PROBLAILITY GC
PRIYICT

xry

A 2355F .0 CLP.PPEL

+20.000
=, 005
+7060.135
+508,933
+39,863
+.025
+1.,000
+1.,000

45
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8.1.3.
{cf. ch. 5.3]

21a% 4~ 22 8 2355F.0 CLP.PPEL
B82:.39F,0,CL PIPPEL,T150

1BEGINY
PCOMIENT ¢

tRILLY Z2,P,GC,FULL
tPNTY NEPS
YINTY A,D,GCCTR,FCTR, ' TCTR,F,S,1T,R CTR,MR;
TPROCY FI{S,N); 'STRING'S}*REAL'N}
VHEG N
2 =zREAD S
NLCRIPRINTTEXT(S); TABABSFIXT(6,3,N);
tEND G
TPROC' OUT{S,N);*'STRING'SJ'REAL'N}
TBEG N
NLCRGPRINTTEXT(S)3TABFIXT(6,3,N);
tEND Y
NEXT:
R CTR!=0;
SET RANDOM(D,5);
MLRAY A INCYZY, ZY 3 IN(DM, D)3 INLM" 1T, (TS IN(YMRY , MR) 3

O NN N

.

L oo VEL IR S S VI I NS \C IS WIRKTN o 3

NEXTZ:
Py ] CTRI=R CTR+1:
1 NLUR; .
2 OUT("RUNI",R CTR)}
3 Piziy/(Za2)3
24 St=03F 1203
3 FTCTR:=0;FCTRI=0;6C CTRI=0;6GCIR03FULLER0
3 N "FORY NEP:mQ
2 tHHILEY L TCTR<T *pOtY
EX:! PRAEG N
-9 CTCTRI= 1 TCTRS;
~d YIFY RANDOIMKP
(4 PTHEN?
2 'BEGINY
33 TIFY Feg
i4 Y THEMN®
51 *BEGINY
‘u GCCTRISGCCTR+1 )
§7 GC:=1T CTRy
33 Fi=FaSet}
19 S:=0y
k| VIFY FgQ
53 YTHENY
Lg 1BEGIN?
] Fi12F+D;
44 FCTRISFCTR+1}
£3 FULL:®IT (TR}
-0 YEND'
o TEND!
<3 TELSE! Fi=F=1;
wQ lEND'
=y 'ELSE®
21 'BEGINY
52 VIFY FeS+itLEA
33 *THEN' S:138S+1} :
54 YEND S
93 TEND '}

Tn & PROGRAM S MULATES A DSA-SYSTEM WITH GARBAGE COLLECTIONS



210674~

56
57
58
59
60
81
62
63
64

<

22 B 2355F.0 CLPIPPEL

QUT(MMEAN REC TIME FulLLw,FuLL/F CTR)}
QUT(#MEAN REC TIME GC",GC/GC CTR)}
THFY R CTRSMR TTHEN® 'GOTOY NEXT2}
tiF* READ >0 9 THEN!
SBEGIN?
NEw PAGE;
*GOTO? NEXT)
YEND '3
TEND

47



48

210674~ 22

T -0ON»>

RUN?
ME N
MEAN

RuNS
ME N
ME aM

RUN?
ME AN

M ot

RUN
MEZAN
ME LN

RUNT
ME o
ME av

RUNL
ME L3
ME SN

RUMN
ME &
MZay

RuU .
ME LN
ME AN

Ry
ME oy
ME AN

RU':
ME &y
ME

REC
REC

REC
REC

REC

LR

REC
REC

REC
REC

REC
REC

REC
REC

RECQC
REC

REC
REC

REC
REC

48.0€0
1.000
16.000
600C0.000
16.000

+4.000
TIME FULL
TIME GC

+2.000
TIME FULL

TiME GC

-+3.000
TIME FULL
TiME GC

+4.009

TIME FULL
T GC

+5,000
TiMg FuLL
T iME GC

+6.000
TiME FULL
TIME GC

+7.0006
TIME FULL
T:ME GC

+3.008
TIME FULL
TiME GC

49,000
TIME FULL
TIME GC

+10.609
TIME PuLl
TIME GC

B 2355F.0 CLPIPPREL

©1239,128
+39.255

+1094.132
+38.507

+1542.946
+40.039

+1524,846
+40.298

©1175.294
+39.259

©1110.944
+38.456

+1489.487
+38.640

+1325.890
+38.501

+1753.194
+47.,954

+1450.341
+40.577
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ALPHA(A,D,2)
A=UB
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8.2. Plotter pictures
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2.3
[cf. ch. 6]
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